The lateral migration of a single spherical particle in tube Poiseuille flow is simulated by ALE scheme, along with the study of the movement of a circular particle in plane Poiseuille flow with consistent dimensionless parameters. These particles are rigid and neutrally buoyant. A lift law
Introduction
The literature on the migration of rigid particles in shear flow has been reviewed by Yang, Wang, Joseph, Hu, Pan and Glowinski (2005) and else where and will not be reviewed here. Yang et al. (2005) used the ALE scheme to study the lift force on a neutrally buoyant sphere in tube Poiseuille flow. They validated the lift law in three dimensions and established a general procedure for obtaining correlation formulas from numerical experiments. Their correlation formulas and predictions obtained good agreement with the literature.
The main goal of this work is to correlate the lift laws in two dimensions and three dimensions simultaneously by fixing some important dimensionless parameters such as Reynolds number and the dimensionless size of particle. Another goal is to study the analog and the difference between the migration of a spherical particle in tube Poiseuille flow and that of a circular particle in plane Poiseuille flow by analyzing the results obtained from the same procedure of data interrogation. The fluid-particle system is governed by the Navier-Stokes equations for the fluid and Newton's equations for rigid body motions. The dimensionless governing equations in a general three dimensional case are The dimensionless parameters are
Governing equations and dimensionless parameters
, the gravity number; (4)
7 / , the density ratio.
It is convenient to carry out the analysis of correlations in terms of dimensionless forms of correlating parameters. The ratio of the particle radius a to tube radius R and the dimensionless radial position r are defined by
Relative motions between the fluid and the particle, which may be characterized by slip velocities, are essential to understand the lift force on the particle. We use p U and p : to denote the translational and angular velocities of the particle at steady state. The slip velocities are defined as:
, the slip velocity; 
where f U and J are the fluid velocity and the local shear rate evaluated at the location of the particle center in the undisturbed flow. . We call the reader's attention to the fact that the flow is in the negative x direction in our three dimensional simulation (see figure 1(a) ). The symbol m U in (3) and (10) should be understood as the magnitude of the fluid velocity at the tube centerline. Similarly, we use the magnitude of f U and p U to calculate the slip velocity s U defined in (8). We shall focus on the steady state flow of a neutrally buoyant spherical particle, in which the left side of (2) and the term g Ge in (2) vanish. Thus, e R and a are the two parameters at play.
Here, we do not describe again the equations and parameters in two dimensions. Interested readers are referred to Wang and Joseph (2003) or Joseph and Ocando (2002) or Patankar, Huang, Ko and Joseph (2001) for details. The only change is that the coordinate is at the centerline of channel in this paper.
In the plane Poiseuille flow, the Reynolds number is
where p is the constant pressure gradient. We also introduce the dimensionless parameter r to the two dimensional cases,
where W is the width of channel and R is half of the channel width. The dimensionless lift is given by
Other dimensionless quantities, such as s U , s : and se : , are in the same expressions to those in the three dimensions.
Correlations from the numerical simulation
Numerical experiments using constrained simulation provide us with the distribution of the lift force and particle velocity in the tube and the position and velocity of the particle at equilibrium. We develop correlations for these quantities in this section. The key correlation is for the lift force, which shows the dependence of the lift force on the slip angular velocity discrepancy . The lift force correlation predicts the change of sign of the lift force, which is necessary to explain the two-way migration in the Segrè-Silberberg effect. The correlations for the equilibrium state of the particle are also of interest, because they may be used to predict the position and the velocities of the particle at equilibrium.
Correlation for the lift force
The steady state values of the lift forces on a particle at different radial positions computed in constrained simulation are plotted in figure 2 for a spherical particle with the radius ratio a = 0.15 in three-dimensional tube Poiseuille flow. The same correlations for the migration of a circular particle in two-dimensional plane Poiseuille flow are also given in this figure. The positive direction of the lift force is in the negative r e direction. In other words, L is positive when pointing to the centerline and negative when pointing away from the centerline. The equilibrium positions of a neutrally buoyant particle are the points where L = 0. The stability of the equilibrium at a zero-lift point can be determined from the slope of the L vs. r curve. The centerline is on a negative-slope branch of the L vs. r curve. When a particle is disturbed away from the centerline, the lift force is negative and drives the particle further away from the centerline. Therefore the centerline is an unstable equilibrium position. The other zero-lift point is between the centerline and the wall and it is on a positive-slope branch of the curve. When the particle is disturbed away from this point, the lift force tends to push the particle back. Thus the zero-lift point between the centerline and the wall is a stable equilibrium position. It is a surprise to see that the stable equilibrium position e r moves towards the wall
as the Reynolds numbers increases for the three-dimensional cases but away from the wall for the two-dimensional cases.
We discuss the three-dimensional cases with the radius ratio a = 0.15. When the Reynolds number is small ( e R = 1, 2, 9 or 18), only one stable branch and one unstable branch can be observed in the L vs. r curves (figure 2(b), 2(d)). For higher Reynolds numbers, the distributions of the lift force as a function of the radial position become more complicated (figure 2(f)). A refined mesh was necessary to obtain converged results at high e R . We seek expressions for the lift force in terms of the slip velocities. The slip velocity Reynolds numbers have been defined in (11). We plot .
From our data, we noted that in the vicinity of the stable equilibrium position, the relation between L and F may be represented by a linear correlation:
where k is the proportionality coefficient which depends on the Reynolds number and the radius ratio a . Some examples of the linear correlation between L and F are plotted in figure 4 . The linear correlation (16) is not valid far away from the equilibrium position. We use power laws to fit the expressions for k in terms of the Reynolds number and then obtain the linear correlations between L and F by equation Table 1 . Lift laws for the migration of a single neutrally-buoyant particle with a = 0.1 and a = 0.15 in plane and tube Poiseuille flows.
The lift force in our correlation is on a freely rotating particle translating at steady velocity. Thus correlations in table 1 apply to particles with zero acceleration. For a migrating particle with substantial acceleration, these correlations may not be valid.
Correlations for slip velocity U s and slip angular velocity : s
Besides the lift force on the particle, the translational and the angular velocities of the particle at steady state are also of interest. We use power laws to fit the correlations between the slip velocities and the Reynolds number. All of coefficients in the power law correlations can be explicitly expressed in terms of r . 
Correlations for parameters at equilibrium
The equilibrium state of a particle is always the focus of the study of particle migration. We obtain the particle parameters at stable equilibrium, such as the equilibrium position e r , the slip velocity U se and the slip angular velocity : se by unconstrained simulation and find that they may be correlated to the Reynolds number. We summarize the particle parameters at stable equilibrium in table 3. The correlations for the equilibrium position e r are shown in figure 5 . In two dimensions, multiple power law fittings are used in different ranges of Reynolds numbers ( figure 5(b) ). As mentioned before, e r moves closer to the wall as the Reynolds number increases for the three dimensional cases but moves to the centerline for the two dimensional cases. number R e for either the two dimensions or the three dimensions. These correlations are important because they give explicitly the slip angular velocity when the particle is at stable equilibrium. The correlations for parameters at equilibrium are summarized in table 4. of the classical aerodynamics is valid in both two dimensions and three dimensions.
• Equilibrium may be identified at the Segré-Silberberg radius at which the lift vanishes (for a neutrally buoyant particle).
• The slip angular velocity discrepancy is the circulation for the free particle and it is shown to change sign at the equilibrium position where the lift reaches zero on its stable branch. The behaviors of L and se s : : are very similar between the two dimensions and the three dimensions at comparatively low Reynolds numbers.
• The equilibrium position (the Segré-Silberberg radius) moves towards the wall as e R increases at each fixed a for the migration of a spherical particle in tube Poiseuille flow but moves away from the wall for the migration of a circular particle in plane Poiseuille flow.
